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ABSTRACT:  
The paper is approaching the concept of fractal, as being the explanation for both, uncertainty and certainty. The 

certainty is expressed by the fact that one can create structures and concepts going out from simple instruments 

such as distances and rules that are generating the respective fractals. On the other side some other fractal forms 

are ruled by uncertainty, in the sense that the rules are completely unknown or their formula cannot be 

established exactly. One very special type of rule that is the base for many fractals encountered in the nature is 

given by the Fibonacci series. It is so special because the deterministic rule it is so simple, but the results and the 

shapes resulting from it are so complicated and it seems to be like the nature is telling us: “Look at all the 

complicated things I can create only based on just one simple rule” The paper deals with the shapes of fractals 

by analyzing them using specific tools of analysis in both, the time domain and the spectral domain. 
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1. INTRODUCTION 
 

The paper is approaching the concept of fractal1,6, as being the explanation for both, uncertainty and certainty. 

The certainty is expressed by the fact that one can create structures and concepts going out from simple 

instruments such as distances and rules that are generating the respective fractals. On the other side some other 

fractal forms are ruled by uncertainty, in the sense that the rules are completely unknown or their formula cannot 

be established exactly. The paper is analyzing the fractals taking into account the dynamic of their shapes, the 

ways they form, the rules they obey and to what extent they are expressing the determinism or the 

indeterminism. The signal processing theory and linear system theory are to be used together with the concept of 

the Iteration Function System, in order to analyze and describe more accurately the shapes of fractals. In order 

to do that, the auto covariance and autocorrelation functions applied to fractals’ shapes should also be used, as 

tools for fractal’s analysis  

 
The uncertainty encountered in both, the normal scale and the quantum scale world, has remained unexplained 

despite all efforts. One of the main differences between the certainty in the quantum world and the one in the 

normal scale world is that, whereas the distribution in the normal scale world seems to be the normal Gauss 

distribution, the distribution within the world of fractals is the so called fractal distribution1,5,6. If one is taking 

into consideration the fact that the both worlds, quantum and normal one are interfering than it is close at hand 

to assume that one important link between these two worlds may be represented by the fractals. 
The shape of fractals, will be analyzed in the present paper, based on the concepts listed above that are not so 

used when dealing with fractals’ shapes, namely: the concept of iterated function system, the theory of linear 

systems and the existent correlations in the fractal’s shape and the facts revealed could be extrapolated and 

applied to both worlds, the fractals are linking: the small scale and large scale world. 

One of the most important tools used to analyze the dynamics of fractals’ shaping, in time domain, is the 

autocorrelation function8. The correlation is a measure of relationship between two sets of data, whereas the 

autocorrelation is measuring the correlation between sets of observations with the same cardinal, pertaining to 
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the same series at a certain distance apart, called lag. The autocorrelation coefficient at lag k, rk, is given by the 

following formula: 

 

 

 (1) 

 

Where  is representing the overall mean of the N observation data in the series xt, t from 1 to N. 

 

The corresponding tool of the correlation coefficient in the case of continuous recorded data is the 

autocorrelation function at lag τ, expressed by the formula: 

 

 

      (2) 
 

One other way to analyze sets of data is to use the tools of analysis in the spectral domain. One such instrument, 

very much used in electronics11, is the spectrum or spectral density function which is represented by the Fourier 

transform of the autocorrelation function, defined by the formula: 

 

       (3) 

 
 

The fractals’ analysis in this paper is made by taking into account the relationships between the coordinates (x, 

y) describing the respective fractal’s shape S(x, y), if these correlations do exists, notwithstanding the 

underlying factors, their interactions or correlations that have generated the respective shape. This second 

approach of the fractals’ shapes, based on the underlying factors and their interaction is addressed by the author 

in another paper [2], presented in the same Conference. Both approaches of the fractals’ shapes presented are 

exhibiting one special important feature of the fractals: out of the simplest rules or initial conditions is resulting 

the outmost possible complexity, which cannot be fully grasped, but can be analyzed using proper special tools. 

 

The analysis of the dynamics of fractals’ shapes taking into account only the relationships between their 

coordinates (x, y) over time is going to be made, in the present paper, by using several concepts and methods, 

such as spectral analysis, bivariate processes and linear systems. By carefully analyzing the fractal structures 

using the tools of spectral analysis, the bivariate processes and linear systems one could gain new important 

insights regarding the generation of fractals’ shapes and fractals’ structures. 

 

 

2. ANALYSIS OF FRACTALS’ DYNAMICS FOR FRACTALS’ SHAPES WITH 

UNCORRELATED COORDINATES 

 
One way to analyze the fractals’ shapes is to analyze independently, the dynamic of coordinates in time of a 

certain point (x, y) of the fractal’s shape S(x,y), that is to say to analyze separately the values of the two series 

below: 

 

x1, x2, x3,……..xi,…….xn and y1, y2, y3,……..yi,…….yn, series which are representing the evolution in 

time of the same two coordinates of a point of the same fractal’s shape, at (n) different moments in time. 

 

For a fractal’s shape dynamic such as described in the present chapter of the paper, where the coordinates are 

not depending on each other, but only on themselves, the process can be written in system form: 

 

       (4) 
 

 

And hence the corresponding matrix form is: 
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         (5) 
 

 

The analysis of these dynamic fractals can be made twofold, in the time domain and in the frequency (spectral) 

domain. In order to analyze the above series in the time domain, one has to calculate: 

a) the means of the series x, E(xi) = μx and y, E(yi) = μy,  

b) the simple covariance functions: cov(xt, xt+k) = γxx(k) and cov(yt, yt+k) = γyy(k) 

c) the autocorrelation functions or coefficients: ρxx(k) and ρyy(k) 

 

This analysis of both series is going to be made by calculating the autocovariance functions of both time series 

at one certain lag k: γ(k) and Δ(k), and then to calculate out of them the (power) spectral density functions of 

both series: f(ω) and g(ω), based on formulas below: 

 

 

 (6) 
 

 

 

 

 

One second way to do the same analysis when considering the continuous evolution in time of the coordinates 

of the same point (x, y) is to use the autocovariance function of the continuous functions x(t) and y(t), at a 

certain lag τ, γ(τ) and Δ(τ) and then to calculate out of them the (power) spectral density functions of both 

series: f(ω) and g(ω), based on formulae below: 

 

 

 

       (7) 
 

 

 

In doing so, one can analyze both series in frequency domain. The meaning of the spectrum determined by the 

(power) spectral density functions calculated above, is that the term f(ω)dω, represents the contribution to 

variance of the components with the frequencies in the range (ω, ω+dω). The integral below: 

 

        (8) 
 

 

 

is calculating the variance of the process between the frequencies ω1 = a and ω2 = b. 
 

 

3. ANALYSIS OF FRACTALS’ DYNAMICS FOR FRACTALS’ SHAPES WITH 

CORRELATED COORDINATES 

 

One second way to analyze the fractals’ shapes is to analyze the dynamics of coordinates in time of a certain 

point (x, y) of the fractal’s shape S(x,y), for the case of existing correlation between both coordinates. 

 

x1, x2, x3,……..xi,…….xn and y1, y2, y3,……..yi,…….yn, series which are representing the evolution in 

time of the same two coordinates of a point of the same fractal’s shape, at n different moments in time. 
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For a fractal’s shape dynamic such as described in the present chapter of the paper, where the coordinates are 

depending not only on themselves but also on each other, but only on itself, the process can be written in system 

form: 

 

         (9) 
 

 

 

which is actually an iterated function system that can be written in the following matrix form: 

 

   (10) 
 

 

 

The analysis of this type of dynamic fractals can be made again, twofold, in the time domain and in the 

frequency (spectral) domain. In order to analyze the above series in the time domain, one has to calculate not 

only the same functions as for the fractals’ shapes with uncorrelated coordinates, but also the cross covariance 

and cross correlation functions between the two interdependent series: 

a) the means of the series x, E(xi) = μx and y, E(yi) = μy,  

b) the simple covariance functions: cov(xt, xt+k) = γxx(k) and cov(yt, yt+k) = γyy(k) 

c) the autocorrelation functions or coefficients: ρxx(k) and γyy(k) 

d) the cross covariance functions: cov(xt, yt+k) = γxy(k), cov(xt+k, yt) = γxy(-k), cov(xt, yt-k) = 

γxy(k) and cov(xt-k, y) = γxy(-k), which are fulfilling the condition: γxy(k) = γxy(-k) 

e) the cross correlation functions obtained by standardization, out of the cross covariance functions: 

ρxy(k) and ρyx(k), which are fulfilling the conditions: ρxy(k) = ρyx(-k), and -1≤ ρxy(k)≤ 1, where 

ρxy(k) is given by the formula: 

 

                 (11) 
 

 

 

This later cross correlation function with the above listed properties, measures the correlation between the 

observations xt and yt+k and is the proper tool to analyze the correlations between the two coordinates of the 

shape S(x, y) in the time domain. This presented analysis in the time domain can be easily extended to the 

continuous case scenario, where the series x and y are continuous functions of the variable time t, using the 

corresponding formulas. 

 

This analysis of the above process in the spectral domain is going to be made by calculating the autocovariance 

functions of both time series and also the cross covariance function of the process at one certain lag k. Then, 

based on the autocovariance functions γ(k) and Δ(k), and on the cross covariance function of the process 

γxy(k) one can calculate the (power) spectral density functions for each of the both coordinates and the cross 

spectral density function (cross spectrum) defined by the relationships below: 

 

 

 (12) 
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The above system of relationships is designed to analyze the dynamic of correlations, in and between the 

coordinates (x, y) of the shape S(x, y) in the frequency (spectral) domain. It is obvious that this system can be 

also written for the continuous case, when the functions x(t) and y(t) are considered continuous functions of 

the variable time, t, in the same manner as for the case of uncorrelated coordinates. 

 

 

4. FRACTALS’ DYNAMICS WITH ANALYSIS OF LINEARLY DEPENDENT 

COORDINATES 

 
The third and the last approach of the dynamic fractals is to consider that the two coordinates of the shape S(x, 

y) are depending on each other by means of a linear transformation, that is to say, if and only if a linear 

combination of the coordinate x, let us say λ1x1+ λ2x2, produces the same linear combination in the second 

coordinate y, that is to say, λ1y1+ λ2y2. For simplicity reasons, one can consider that the system is time 

invariant, namely that if the coordinate x(t) has determined the coordinate y(t), then for any delay τ, x(t+τ) 

determines y(t+τ). In this case, it can be said that the relation between x and y does not change with time. The 

linear dependency between the coordinates is representing only another further model’s assumption of the 

fractals’ shapes dynamics, for fractals’ shapes with correlated coordinates. It is presented only as a suggestion 

for addressing the case of correlated coordinates, but the present paper will not enter into the details of this 

issue. 

 

 

CONCLUSIONS 
 

The facts and results in the second chapter of this paper are assuming that the coordinates of the fractal’s shape 

are not correlated one with the other. This case cannot be associated with the process of morphogenesis, because 

the process of morphogenesis is assuming a correlation between the two coordinates, caused by subtle 

interactions between the physical quantities generating the respective coordinates. 

 

The case of correlated coordinates in the third chapter of the paper, on the other side, is assuming an interaction 

between the coordinates which can only be caused by interactions between the physical quantities generating the 

respective shape, and hence, this case can be linked with the process of morphogenesis. Unlike the approach in 

the Paper [2], where the shaping process is determined by the subtle underlying interacting factors generating 

the shaping process, the present paper has the aim to explain the dynamics of the shape, based only on the 

correlations between the coordinates of the shape, using the analysis in both, in the time domain and in the 

spectral domain.  

 

While the process of morphogenesis, as thought and described by A Turing is seeking to identify and to make 

accountable for shaping, subtle causes of interaction between the physical quantities (morphogens) underlying 

to the respective shaping processes, the present paper is dealing only with the visible results, namely the 

coordinates of the respective shapes. 

 

In conclusion, based on these both papers’ approaches, [2] and the present one, not only the identification of 

underlying factors and the establishment of systems’ equations, but also the technology to measure the physical 

quantities and their diffusions and the large amount of necessary computing power are determinant to ensure the 

best results when applying both methods. Both, the method for fractal’s shape analysis presented in the third 

chapter of this paper, together with the one presented in [2] can generate a system of two methods, in which, 

each one of the methods can check, reciprocally, the results of the other one. 
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